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Abstract 
 

The aim of this paper is to give a new definition of permutation polytope and its relationship to permutation group, 
the converse from permutation polytope to permutation group is also given according to this relationship, an 
open conjecture is proved. 
 

1. Introduction 
 

A permutation group is the oldest type of group’s representation; it is introduced by Galois, which is generally 
considered as the start of group theory. Nowadays, permutation group’s algorithm is among the best developed 
parts of computational group theory. The cycle’s notion for permutation and the identity permutation which is 
denoted by	݁ is used. The group of all permutation with n-element denoted by Sn, (Bollobas, Fulton, Katok, 
Kirwan, & Sarank 2002). A permutation polytope is the convex hull of the permutation matrices of a subgroup of 
Sn. This polytope is a special class of 0/1-polytope. An example of permutation polytope is the Birkhoff polytope, 
which is the set of doubly stochastic matrices. This polytope is defined as the convex hull of all permutation 
matrices. The dimension of a polytope is the dimension of its affine hull. A lot of applications are given in 
(Shatha & Noor 2015, Shatha 2013, Shatha & Fatema, 2009). This work consists of some basic definitions and 
some examples of permutation polytope. The permutation group is converted to a permutation polytope is 
obtained by the definition. Some examples of permutation group are symmetric group Sn, alternating group An, 
dihedral group Dn, Frobenius group Fn and cyclic group Cn. These kinds of permutation group are subgroups of a 
symmetric group. The convert of permutation groups to permutation polytopes is also given. 
 

2. Basic Concepts 
 

In this section some basic definitions and theorems are given to consolidate our results. 
 

Definition 2.1. (Reff, 2007): 
 

All matrices are obtained based on ݊ × ݊ identity matrix, this is through permuting the rows the resulting matrices 
are called permutation matrices and denoted by (ܩ)ܯ. So the number of permutation matrices is ݊!. 
 

Example 2.1. 
 

An example of permutation matrices is given as follows 
Let n=2 with identity matrix equal ቀ1 0

0 1ቁ the by permuting of this matrix, we obtained  ቀ1 0
0 1ቁ and ቀ0 1

1 0ቁ 
Definition 2.2. (Burggraf, 2011): 
 

Let A be a finite set {1, 2,…, n}, a permutation group is defined as a group whose element are permutations of A. 
 

A permutation polytope is defined as the convex hull of a group or subgroup of permutation matrices, 
(Baumeister, Haase & Paffenholz, 2009). 
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Theorem 2.2. (Judson,1997): 
 

Let ܩ be a group of finite order ݊, and ܪ a subgroup of ܩ. The order of ܪ divides the order of ܩ. 
 

Example 2.2. 
 

Let S4 be a group of order 24 ,its  subgroups are given in table 1. 
 

Table 1 Subgroups of S4. 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

3. The Relation between Permutation Groups and Permutation Polytopes 
 

In this section, the relationship between the groups of permutation and permutation polytopes is discussed. 
 

3.1. Permutation Polytopes from Permutation Groups 
 

Let G be a set of all permutations of n element such that [n]={1,2,...,n}. For every permutation σ in G, we 
associated a matrix	m for each	σ  ∈ G, where m	is	a	permutation matrix, such that m ∈  R୬×୬ is defined as 
(1), (Baumeister, Haase, Nill & Paffenholz, 2012). 
 

m୧୨ = ቄ1
0

    if       σ(i) = j
       otherwise 

						…........... (1) 

Then,  

m = ൮

mଵଵ	mଵଶ	 … mଵ୬
mଶଵ			mଶଶ	 … 	mଵ୬
⋮													⋮														⋮					
m୬ଵ			m୬ଶ	 … 	m୬୬

൲ 

Example 3.1.1. (Reff, 2007): 
 

Let n=3, in order to convert a permutation group to a permutation polytope,  G  is defined as,  
 

G={e,(123),(132),(12),(13),(23)}. 
 

Take all elements of a permutation group ߪ ∈G and convert it to permutation matrix that is 
 

m() = ൭
mଵଵ mଵଶ mଵଷ
mଶଵ mଶଶ mଶଷ
mଷଵ mଷଶ mଷଷ

൱ 

if		ߪ= (e) =(1)(2)(3), then 
 

(1)ߪ = 1											݉ଵଵ= 1  

(2)ߪ = 2											݉ଶଶ= 1 

(3)ߪ = 3											݉ଷଷ = 1 
 

We obtain the permutation matrix m(e) associate to the permutation element ݁ such that  
 

m(e)= ൭
1 0 0
0 1 0
0 0 1

൱ 
 

If (123) =ߪ, then 
 

(1)ߪ = 2						݉ଵଶ = 1 

Order H≤S4 
1 {e} 
2 C2 

3 C3 

4 C4 

6 S3 

8 D4 

12 A4 

24 S4 
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(2)ߪ = 3						݉ଶଷ = 1 

(3)ߪ = 1						݉ଷଵ = 1 
 

We obtain the permutation matrix m(123)  which is associated to  the permutation element (123) that is 

m(123)= ൭
0 1 0
0 0 1
1 0 0

൱ 
 

In a similar way, we obtain the permutation matrices, which are; 
 

m(132)= ൭
0 0 1
1 0 0
0 1 0

൱	,		m(12)= ൭
0 1 0
1 0 0
0 0 1

൱ 

 
 

m(13)= ൭
0 0 1
0 1 0
1 0 0

൱,		m(23)= ൭
1 0 0
0 0 1
0 1 0

൱ 
 

Hence, 
 

M(ܩ)=

⎩
⎪
⎨

⎪
⎧൭

1 0 0
0 1 0
0 0 1

൱ ,൭
0 1 0
0 0 1
1 0 0

൱ ,൭
0 0 1
1 0 0
0 1 0

൱ ,൭
0 1 0
1 0 0
0 0 1

൱ ,

൭
0 0 1
0 1 0
1 0 0

൱ ,൭
1 0 0
0 0 1
0 1 0

൱
⎭
⎪
⎬

⎪
⎫

 

 

Permutation polytope, P(G)=conv(M(ܩ)). 
 
 

3.2. Permutation Groups Obtained from Permutation Polytopes (Burggra, Loera, & Omer, 2013, 
Mcmahan, 2003): 
 
 

Let P(G) be the permutation polytope, which is equal to conv(M(ܩ)), for  
all	ܣ ∈ M(G)	implies		to	elements	of	a	permutation	group,	݅ = 1,2, … 	 ,݊. 
 

Definition 3.2.1.  
 

Let g be one element of the permutation group G, let A be any matrix in the set of permutation matrices, then g is  
given by (2), such that 
 

g=F(A) =ቐ
i					if				a୧୨ = 1	and	i = j
j				if						a୧୨ = 1	and	i ≠ j

neglected		if	a୧୨ = 0
    …………...(2) 

 
 

Example(3.2.1): 
 

To convert permutation matrix to a permutation group. The following steps  is used 

First: 

Convert permutation polytope to a permutation group where permutation polytope  p(G)=conv(M(ܩ))	and 
 

M(ܩ)=

⎩
⎪
⎨

⎪
⎧൭

1 0 0
0 1 0
0 0 1

൱ ,൭
0 1 0
0 0 1
1 0 0

൱ ,൭
0 0 1
1 0 0
0 1 0

൱ ,൭
0 1 0
1 0 0
0 0 1

൱ ,

൭
0 0 1
0 1 0
1 0 0

൱ ,൭
1 0 0
0 0 1
0 1 0

൱
⎭
⎪
⎬

⎪
⎫

 

Second: 

Taking any matrix A1 from the permutation group , where  g be any element of the permutation group, then 

A1 = ൭
1 0 0
0 1 0
0 0 1

൱ ଵ=ቀ1ߪ, 2 3
1 2 3ቁ = (1)(2)(3) = ݁ 
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A2=൭
0 1 0
0 0 1
1 0 0

൱,ߪଶ=ቀ1 2 3
2 3 1ቁ = (123) 

A3= ൭
0 0 1
1 0 0
0 1 0

൱ ଷ=ቀ1ߪ, 2 3
3 1 2ቁ = (132),	 

In a similar way, we compute  

ସߪ = ߪ ହ=(13)(2)andߪ ,(3)(12) = (1)(23) 

Therefore , the permutation group={e,(123),(132),(12),(13),(23)} 
 

4. Symmetric group with the permutation polytopes 
 

In this section the symmetric group is discussing and we will convert it to permutation polytope. 
 

Definition 4.1. (Judson,1997): 
 

Symmetric group is defined as a group of all permutations of A, where A is the finite set {1,2,...,n}, the group is 
said to be a symmetric group on ݊ and denoted by Sn,  it has ݊! elements. 
 

Remark 4.1. (Burggra, Loera, & Omer, 2013): 
 

1- The Birkhoff polytope Bn= P(Sn)=conv(M(Sn)). 

2-The polytope that associate the  symmetric group have same dimension of the Birkhoff polytope Bn , which is 
(n-1)2. 
 

Example 4.1 
 

Let n=4, take a symmetric group S4, we want to find the permutation polytopes that are relates to S4. 

Solution: 
 

For n=4, S4 is defined as: 
 

S4={e,(1234),(1243),(1324),(1342),(1423),(1432),(12)(34),(13)(24), 
(14)(23),(234),(243),(134),(143),(124),(142),(123),(132),(12),(13), (14),(23),(24),(34)} 
 

By converting the symmetric group S4 to permutation matrices we obtain 
 

M(G)=

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧
ቌ

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

ቍ ,ቌ
0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

ቍ ,ቌ
0 1
0 0

0 0
0 1

1 0
0 0

0 0
1 0

ቍ ,ቌ
0 0
0 0

1 0
0 1

0 1
1 0

0 0
0 0

ቍ ,

ቌ
0 0
1 0

1 0
0 0

0 0
0 1

0 1
0 0

ቍ ,ቌ
0 0
0 0

0 1
1 0

1 0
0 1

0 0
0 0

ቍ ,ቌ
0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

ቍ ,ቌ
0 1
1 0

0 0
0 0

0 0
0 0

0 1
1 0

ቍ ,

ቌ
0 0
0 0

1 0
0 1

1 0
0 1

0 0
0 0

ቍ ,ቌ
0 0
0 0

0 1
1 0

0 1
1 0

0 0
0 0

ቍ ,ቌ
1 0
0 0

0 0
1 0

0 0
0 1

0 1
0 0

ቍ ,ቌ
1 0
0 0

0 0
0 1

0 1
0 0

0 0
1 0

ቍ ,

ቌ
0 0
0 1

1 0
0 0

0 0
1 0

0 1
0 0

ቍ ,ቌ
0 0
0 1

0 1
0 0

1 0
0 0

0 0
1 0

ቍ ,ቌ
0 1
0 0

0 0
0 1

0 0
1 0

1 0
0 0

ቍ ,ቌ
0 0
1 0

0 1
0 0

0 0
0 1

1 0
0 0

ቍ ,

ቌ
0 1
0 0

0 0
1 0

1 0
0 0

0 0
0 1

ቍ ,ቌ
0 0
1 0

1 0
0 0

0 1
0 0

0 0
0 1

ቍ ,ቌ
0 1
1 0

0 0
0 0

0 0
0 0

1 0
0 1

ቍ ,ቌ
0 0
0 1

1 0
0 0

1 0
0 0

0 0
0 1

ቍ ,

ቌ
0 0
0 1

0 1
0 0

0 0
1 0

1 0
0 0

ቍ ,ቌ
1 0
0 0

0 0
1 0

0 1
0 0

0 0
0 1

ቍ ,ቌ
1 0
0 0

0 0
0 1

0 0
0 1

1 0
0 0

ቍ ,ቌ
1 0
0 1

0 0
0 0

0 0
0 0

0 1
1 0

ቍ
⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

 

 

G1≤ M(G),[11] 
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G1=

⎩
⎪⎪
⎨

⎪⎪
⎧
ቌ

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

ቍ ,ቌ
0 1
1 0

0 0
0 0

0 0
0 0

1 0
0 1

ቍ ,ቌ
1 0
0 1

0 0
0 0

0 0
0 0

0 1
1 0

ቍ ,

ቌ
0 1
1 0

0 0
0 0

0 0
0 0

0 1
1 0

ቍ
⎭
⎪⎪
⎬

⎪⎪
⎫

 

 

P(G1)=conv(G1). 

The number of vertices for this polytope P(G1) is four, which are: 
 

(1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1),(0,1,0,0,1,0,0,0,0,0,1,0,0,0,0,1),(1,0,0,0,0,1,0,0,0,0,0,1,0,0,1,0) and 
(0,1,0,0,1,0,0,0,0,0,0,1,0,0,1,0) are defined in R16.The permutation polytope P(G1)is square in two dimensional 
embedding in the sixteen dimensional space. 
 

5. Alternating Group with the Permutation Polytopes 
 

In this section, alternating group is discussed; it is converted to a permutation polytope. 
  

Theorem 5.1. (Burggraf,2011): 
 

For ݊	 ≥ 	4, dim(P(An)) = dim(P(Sn)) = (n - 1)2. 
 

Example 5.2. Baumeister, Haase, Nill, & Paffenholz, 2014): 
 

For ݊ = 3, an alternating group with its permutation polytope is found as follow, A3={e,(123),(132)}, their 
elements are ݊!/2, which is equal to three. Since all permutations of A3 is even permutation, therefore, by 
converting permutation groups to permutation matrices, we obtain; 
 

M(g)=൝൭
1 0 0
0 1 0
0 0 1

൱ ,൭
0 1 0
0 0 1
1 0 0

൱ ,൭
0 0 1
1 0 0
0 1 0

൱ൡ 

 

P(A3)=conv(M(g)) 
 

The vertices for this polytope are (1,0,0,0,1,0,0,0,1), (0,1,0,0,0,1,1,0,0) and (0,0,1,1,0,0,0,1,0). All vertices in R9. 
The permutation polytope P(A3) is a triangle in dimension two, all embedded in nine dimensional space. 
 
 

6. Dihedral Group with the Permutation Polytopes 
 

In this section a dihedral group is given, it is also converted to a permutation polytopes. 
 

Definition 6.1.(Baumeister, Haase, Nill & Paffenholz, 2012): 
 

a polygon with n vertices is called n-gon, where polygon is a polytope in two dimensions. 
 
 

Remark 6.1.(Judson,1997): 
 

The nth dihedral group is the group denoted by Dn of symmetries of the regular n-gon and the dihedral group of 
order 2n. 
 

6.1. Some properties of a dihedral group, (Collins & Perkinson 2011): 
 

1-Dihedral group is a subgroup of symmetric group Dn≤ Sn , n≥ 3 

2-The permutation polytope denoted by P(Dn)=conv(ܯ(݃)), ∀݃ ∈ Dn. 

3-The dimension of P(Dn) is at most 2n. 
 

6.2. A Method for Finding the Elements of a Dihedral Group, (Collins & Perkinson 2011): 
 

1-Take the rotation ߩforn-gon by 360/n degrees  

2-The reflection ߬ is define as 
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߬ = ൞
(2,݊)(3,݊ − 1) … (

݊ + 1
2

,
݊ + 3

2
) If	n	odd

(2,݊)(3,݊ − 1) … (
݊
2

,
݊
2

+ 2) 	݊݁ݒ݁	݊	݂݅
 

 
 

3-The Dihedral group Dn has an element, which are 
 

,ଶߩ,ଵߩ,ߩ … 	 ,ିଵߩ, ߬, ,ߩ߬ ,ଶߩ߬ … 	 ,  ିଵߩ߬
 

Figure 1 and 2 represent the operation of finding the elements of a dihedral group, (Ziegler, 1995). 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Rotation and reflection of regular n-gon.  
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2:  Type of reflection of a regular n-gon.  
 
 

Lemma 6.1.(Mcmahan, 2003): 
 

The dimension of the polytope P(Dn) is (2n-2) if n is odd and (2n-3) if n is even. 
 

Example 6.1. 
 

For n=4 the dihedral group is found, with the permutation polytopes. Since n=4, the permutation group 
corresponding to 4-gon, which are squares of four vertices. 
 

Solution 
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Using the notion given in Sec 5.2, we have the degree of rotation 360/4=90 therefore, 
 

ߩ = ቀ1 2
1 2

3 4
3 4ቁ = ଵߩ ,݁ = ቀ1 2

2 3
3 4
4 1ቁ = (1234),  

ଶߩ = ቀ1 2
3 4

3 4
1 2ቁ = (13)(24) and	ߩଷ = ቀ1 2

4 1
3 4
2 3ቁ = (1432) 

 

Since n=4 is even then, 
 

߬ =(2,n)(3,n-1)…(n/2,(n/2)+2), ߬ = (2,4) 
 

Therefore, ߬ = ቀ1 2
1 4

3 4
3 2ቁ = (24) 

ߩ߬ = ቀ1 2
1 4

3 4
3 2ቁ ߧ ቀ

1 2
2 3

3 4
4 1ቁ = ቀ1 2

2 1
3 4
4 3ቁ = (12)(34) 

ଶߩ߬ = ቀ1 2
1 4

3 4
3 2ቁ ߧ ቀ

1 2
3 4

3 4
1 2ቁ = ቀ1 2

3 2
3 4
1 4ቁ = (13) 

ଷߩ߬ = ቀ1 2
1 4

3 4
3 2ቁ ߧ ቀ

1 2
4 1

3 4
2 3ቁ = ቀ1 2

4 3
3 4
2 1ቁ = (14)(23) 

 

There are, the dihedral group for n=4 is, 
 

D4 ={ߩ,ߩଵ,ߩଶ,ߩଷ, ߬, ,ߩ߬ ,ଶߩ߬  {ଷߩ߬

D4 ={e,(1234),(13)(24),(1432),(24),(12)(34),(13),(14)(23)} 
 

Now, by converts the  permutation group to a permutation polytopes, we get 
 

(݃)ܯ =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧
ቌ

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

ቍ ,ቌ
0 1
0 0

0 0
1 0

0 0
1 0

0 1
0 0

ቍ ,ቌ
0 0
0 0

1 0
0 1

1 0
0 1

0 0
0 0

ቍ ,

ቌ
0 0
1 0

0 1
0 0

0 1
0 0

0 0
1 0

ቍ ,ቌ
1 0
0 0

0 0
0 1

0 0
0 1

1 0
0 0

ቍ ,ቌ
0 1
1 0

0 0
0 0

0 0
0 0

0 1
1 0

ቍ ,

ቌ
0 0
0 1

1 0
0 0

1 0
0 0

0 0
0 1

ቍ ,ቌ
0 0
0 0

0 1
1 0

0 1
1 0

0 0
0 0

ቍ
⎭
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎫

 

 

P(Dn)=conv(ܯ(݃)) 
 

The vertices for this polytope is eight 
 

(1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1),(0,1,0,0,0,0,1,0,0,0,0,1,1,0,0,0),(0,0,1,0,0,0,0,1,1,0,0,0,0,1,0,0),(0,0,0,1,1,0,0,0,0,1
,0,0,0,0,1,0),(1,0,0,0,0,0,0,1,0,0,1,0,0,1,0,0),(0,1,0,0,1,0,0,0,0,0,0,1,0,0,1,0),(0,0,1,0,0,1,0,0,1,0,0,0,0,0,0,1) and  
(0,0,0,1,0,0,1,0,0,1,0,0,1,0,0,0)  these vertices in ܴଵ 
 

The permutation polytope P(Dn) in five dimensional embedding in sixteen dimensional space. 
 

 
7. Frobenius Group with the Permutation Polytopes: 
 

In this section we discuss Frobenius group and we will convert it to a permutation polytope. 
 

Definition 7.1. (Whitehead, 1988) 
 

Frobenius group F is a finite group given by a permutation group, we have ܨ =  where ܰ is a group called ,ܪܰ
Frobenius kernel, and ܪ is a group called Frobenius complement, the  Frobenius group is denoted by Fn , where 
n={1,2,…}. 
 

Example 7.1. 
 

An example of a Frobenius group which is the most familiar is a collection of odd dihedral groups where n=3. To 
find the Frobenius group and the permutation polytope, we have: 
 

Solution  
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The degree of rotation 360/3=120, 
 

ߩ = ቀ1 2 3
1 2 3ቁ = ଵߩ ,݁ = ቀ1 2 3

2 3 1ቁ = (123) and 

ଶߩ = ቀ1 2 3
3 1 2ቁ = (132) 

Since n is odd, then 
 

߬ =(2, n) (3, n-1)…((n+1)/2, (n+3/2)+2) 
 

߬ = (2,3) 
 

߬ = ቀ1 2 3
1 3 2ቁ = (23) 

ߩ߬ = ቀ1 2 3
1 3 2ቁ ߧ ቀ

1 2 3
2 3 1ቁ = (12) 

 
 

ଶߩ߬ = ቀ1 2 3
1 3 2ቁ ߧ ቀ

1 2 3
3 1 2ቁ = (13) 

 

With Frobenius complement ܪ = 〈߬〉 
 

߬ = ݁,				߬ଵ = (23),				߬ଶ = ݁ 
 

H={e,(23)} 
 

Also, with  Frobenius kernel N=〈ߩ〉 
 

ߩ = ଵߩ				,݁ = ଶߩ					,(123) = (132) 
 

N={e,(123),(132)} 
 

Such that N∩H=e 
 

F3={e,(123),(132),(23),(12),(13)} 
 

By converting permutation group to a permutation matrices we obtain, 
 

M(G)=

⎩
⎪
⎨

⎪
⎧൭

1 0 0
0 1 0
0 0 1

൱ ,൭
0 1 0
0 0 1
1 0 0

൱ ,൭
0 0 1
1 0 0
0 1 0

൱ ,൭
1 0 0
0 0 1
0 1 0

൱ ,

൭
0 1 0
1 0 0
0 0 1

൱ ,൭
0 0 1
0 1 0
1 0 0

൱
⎭
⎪
⎬

⎪
⎫

 

 

P(F3)=conv(M(G)) 
 

The vertices for this polytope P(F3) are 
 

(1,0,0,0,1,0,0,0,1),(0,1,0,0,0,1,1,0,0),(0,0,1,1,0,0,0,1,0),(1,0,0,0,0,1,0,1,0),(0,1,0,1,0,0,0,0,1)and (0,0,1,0,1,0,1,0,0). 
All vertices in R9. The permutation polytope P(F3) in dimension three, all embedded in nine dimensional space. 
 
 
 

8. An Open Conjecture with Proof 
 

In this section an open conjecture about permutation group and permutation polytope is given.  
 

Definition 8.1. (Ziegler,1995): 
 

Face poset is defined as a poset of cells of p order by inclusion, where face poset is denoted by ࣲ(). 

Definition 8.2.(Baumeister, Haase, Nill & Paffenholzm, 2009): 

An equivalence of the face lattice as a posets of polytopes lattice is said to be combinatorial equivalent and is 
denoted by ܲ ≈ ܳ, where P and Q are two polytopes. 
 

 
Remark 8.1.(Baumeister, Haase, Nill & Paffenholz, 2012): 
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Two polytopes are combinatorially equivalent in dimensions two, if and only if, they have the same number of 
vertices.  
 

Remark 8.2. 
 

If two polytopes are combinatorially equivalent, then they have the same number of vertices and same dimension. 

Now we prove an open conjecture for (Baumeister, Haase, Nill & Paffenholzm, 2009).  

 
Theorem 8.1. 
 

Let P be a d-dimensional permutation polytope, then there exist a permutation group ܩ ≤ ܵଶௗ ,	such that, P(G) is 
combinatorial equivalent to P. 
 

Proof 
 

Let P be a d-dimensional permutation polytope, P(G) is combinatorially equivalent to P, a permutation polytope 
of dimension d is defined as the convex hull of a group or subgroup of  permutation matrices.Therefore, the 
number of  vertices of  P is equal to 2d or less, that is a subgroup of a permutation group G.  
In dimension two, two polytopes are combinatorially equivalent if and only if they have the same number of 
vertices therefore, from, the definition of combinatorially equivalent, the faces lattice of P and P(G) are 
isomorphic, that is  ܩ ≤ ܵଶௗ  
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